Abstract. We establish a Hadamard-Stoker type theorem combined with a Sacksteder rigidity type theorem for hypersurfaces f : M n → H n × R, where H n is a Hadamard manifold. Namely, we prove that if such a hypersurface has positive sectional curvature and its height function has a critical point, then it is an embedding and M is homeomorphic to S n or R n . Furthermore, f (M ) ⊂ H n ×R bounds a convex set and, in the particular case where H n is the hyperbolic space H n , f is rigid (i.e., unique up to isometries of H n ×R). It is also shown that, except for the assumption on convexity, this result is valid for hypersurfaces in S n × R with sectional curvature greater than 1, and for certain hypersurfaces in warped product spaces H n ×̺ R and S n ×̺ R as well. We apply our main theorem to show that a constant mean curvature hypersurface in H n ×R with positive sectional curvature is a rotational sphere, and that the same is true for hypersurfaces in H n × R (resp. S n × R) with constant sectional curvature c > 0 (resp. c > 1). In all of these results, the hypersurface is assumed to have dimension n ≥ 3.
Introduction
In what concerns embeddedness and convexity of surfaces in Euclidean space, one of the most classical results is the so-called Hadamard-Stoker Theorem. It states that a complete and strictly locally convex surface S immersed in Euclidean space is embedded and homeomorphic to a sphere or a plane. J. Hadamard [17] proved it assuming S compact. Subsequently, J. Stoker [28] established the complete case.
In [13] , do Carmo and Warner obtained Hadamard-Stoker type theorems for compact hypersurfaces in H n+1 and S n+1 . S. Alexander [1] then extended the hyperbolic version to hypersurfaces in Hadamard manifolds. The combination of these theorems gives us the following fundamental result, which we shall refer to as the ACW Theorem.
Theorem (Alexander [1] -do Carmo -Warner [13] ). Let f : M n → M n+1 be a compact hypersurface with semi-definite second fundamental form, where M n+1 is either a Hadamard manifold or the unit sphere S n+1 , n ≥ 2. Then, f is an embedding, M is homeomorphic to the sphere S n , and f (M ) bounds a convex set in M n+1 .
1 there exist Hadamard-Stoker type theorems for hypersurfaces in H n × R, where H n is a Hadamard manifold. In this paper, we give it an affirmative answer. We also turn our attention to the rigidity of hypersurfaces in H n × R. In general, one says that an isometric immersion f : M n → M n+p is rigid if for any other isometric immersion g : M n → M n+p , there is an ambient isometry Φ : M n+p → M n+p such that g = Φ • f. If so, f and g are said to be congruent. In this context, a celebrated theorem, due to Sacksteder [26] , asserts that any compact hypersurface in Euclidean space with nonnegative sectional curvature is rigid. This result was extended by do Carmo and Warner [13] to hypersurfaces in S n+1 with sectional curvature ≥ 1, and by the author and R. L. de Andrade [11] to hypersurfaces in hyperbolic space H n+1 with sectional curvature ≥ −1. Our main result, as stated below, is then a Hadamard-Stoker type theorem combined with a Sacksteder rigidity type theorem for hypersurfaces in H n × R.
) be a complete connected orientable hypersurface with positive sectional curvature. If the height function of f has a critical point, then the following statements hold:
a) f is an embedding and M is homeomorphic to S n or R n . In the latter case, f has a bottom or a top end.
b) f (M ) is the boundary of a convex set in H
n × R.
c) If M is not compact, f (M ) is a geodesic graph over an open set of a horizontal section of H n × R.
d) f is rigid in the particular case where H n is the hyperbolic space H n .
As a first consequence of Theorem 1, we have that any compact connected hypersurface f : M n → H n × R (n ≥ 3) with positive sectional curvature and constant mean curvature is congruent to an embedded rotational sphere (Corollary 1). This result then extends to H n × R the classical Jellett-Liebmann Theorem for compact (embedded) surfaces in R 3 . It is also shown that statements (a) and (d) of Theorem 1 remain true if one replaces the Hadamard manifold H n by the unit sphere S n , and assume that M has sectional curvature greater than one. Considering this fact, we obtain as a second consequence of Theorem 1 the following Hilbert-Liebmann type theorem, which was inspired by the analogous result in dimension two obtained by Aledo, Espinar and Glvez [2] : For n ≥ 3, any hypersurface of constant sectional curvature c > 0 (resp. c > 1) in H n × R (resp. S n × R) is congruent to a rotational sphere (Corollary 2).
In [7] , R. Currier obtained a Hadamard-Stoker type theorem for complete hypersurfaces in hyperbolic space H n+1 . He proved that such a hypersurface is either homeomorphic to S n or R n , provided the eigenvalues of its shape operator, at any point, are all ≥ 1. As shown by the flat cylinders of H n+1 of constant mean curvature, this hypothesis on the eigenvalues cannot be replaced by the weaker assumption that the second fundamental form of the hypersurface is positive definite.
Currier's result can be viewed from a more general perspective if we represent H n+1 as the warped product R n × e −t R, which is nothing but R n × R with coordinates (p, t), endowed with the metric e −t ds 2 ⊕ dt, where ds 2 and dt are the standard metrics in R n and R, respectively (most authors denote such a product by R × e −t R n . Here, we adopt the "inverted" notation for warped products as in [6] ). In this setting, any horizontal section R n × e −t {t} is a constant mean curvature 1 horosphere of H n+1 . So, for a given hypersurface f : M → R n × e −t R, the main hypothesis of Currier's Theorem can be reinterpreted by saying that the eigenvalues of the shape operator of f at a point x ∈ M are all greater than (or equal to) the mean curvature of the horizontal section which contains f (x).
Driven by the above considerations, we obtained a Hadamard-Stoker type theorem for hypersurfaces in warped product spaces M n × ̺ R, where M n is either a Hadamard manifold or the sphere S n . In these spaces, the horizontal sections M n × ̺ {t} are totally umbilical and, if properly oriented, have constant mean curvature |φ(·, t)|, where φ(·, t) = ̺ ′ (t)/̺(t) (see, e.g., [3] ). Our result, which also includes a rigidity property, then reads as follows. 
It should be noticed that, when the warping function ̺ is constant and equal to 1, the condition on the eigenvalues in Theorem 2 is equivalent to the definiteness of the second fundamental form of f, which, in turn, is equivalent to the hypothesis on the sectional curvature of M in Theorem 1 (see Section 2) . In this manner, we can say that Theorem 2-(a) is an extension of Theorem 1-(a).
The paper is organized as follows. In Section 2, we introduce some notation and quote some results which will be used afterward. In Section 3, we prove Theorem 1, and corollaries 1 and 2. Finally, in Section 4, after providing some background on hypersurfaces in warped products, we prove Theorem 2.
Preliminaries
Throughout this paper, all manifolds are assumed to be C ∞ . For a given manifold M, we will write T M for its tangent bundle. The space form of constant sectional curvature ǫ ∈ {−1, 0, 1} and dimension n ≥ 2 will be denoted by Q n ǫ , so Q n −1 is the hyperbolic space H n , Q n 0 is the Euclidean space R n , and Q n 1 is the unit sphere S n . A complete simply connected Riemannian manifold with non-positive sectional curvature and dimension n ≥ 2 will be called a Hadamard manifold and will be denoted by H n . Given an n(≥ 2)-dimensional Riemannian manifold M n , consider the product M n × R endowed with the standard Riemannian product metric. For a tangent vector field Z in T (M × R) = T M ⊕ T R, we will write
and call Z h and Z v the horizontal component and the vertical component of Z, respectively.
The projection π R of M n × R onto its second factor is called the height function of M n × R. Its gradient field, which is parallel in M n × R, will be denoted by ∂ t . Given t ∈ R, the submanifold
will be called the horizontal section of M n × R at level t. It is easily seen that horizontal sections are totally geodesic submanifolds of M n × R, and that each of them is isometric to M n . We will then identify the Riemannian connection of any horizontal section M t with that of M and denote it by ∇. A geodesic of M n × R contained in a horizontal section will be called horizontal.
2.1.
Hypersurfaces in product spaces. Given an oriented hypersurface
we will denote its unit normal field by N, its second fundamental form by α , and its shape operator by A. So, one has the equalities
where , and ∇ stand for the Riemannian metric and the Riemannian connection of M n × R, respectively. The height function ξ and the angle function θ of f are defined by
We shall denote the gradient field and the Hessian of a function ζ on M by grad ζ and Hess ζ, respectively. In particular, (1) grad ξ = ∂ t − θN.
This last equality then yields
From (1), we also have that
Concerning the gradient of θ on M, for all X ∈ T M, we have that
Hence, the following equality holds
When required, we will denote the second fundamental form α of a hypersurface f by α f . The same goes for all the other objects related to f, including its shape operator, and its height and angle functions.
Assume that a horizontal section M t intersects f (M ) transversally. Then, the set ξ
, the map
is a hypersurface which will be called a horizontal section of f at level t.
As unit normal field η for a horizontal section f t , we choose the normalized horizontal component of N, that is,
Given an open set Ω ⊂ M without critical points of ξ, a trajectory of grad ξ in Ω is, by definition, a curve ϕ : I ⊂ R → Ω which satisfies
Its is an elementary fact that, when M is complete, the parameter s of such a trajectory can be chosen so that I = (−∞, +∞). Furthermore, if the closure of Ω contains a unique critical point x 0 of ξ, then either
according as whether x 0 is a local minimum or a local maximum, respectively. In the first case, one says that the trajectory ϕ is issuing from x 0 , and, in the second, that ϕ is going into x 0 (see [12] for more details).
Recall that the Gauss equation for f :
where R andR are the curvature tensors of M n and M n × R, respectively. Denoting by K(X, Y ) andK(X, Y ) the respective sectional curvatures of the plane generated by orthonormal vectors X, Y ∈ T M, the Gauss equation becomes
In particular, if {X 1 , . . . , X n } ⊂ T M is an orthonormal frame of eigenvectors of the shape operator A with corresponding eigenvalues λ 1 , . . . , λ n , one has
Therefore, the second fundamental form α of f is definite if and only if K >K. When M n is one of the space forms Q n ǫ , the equation (6) takes the form
where π XY denotes the projection of T M to span {X, Y } (see, e.g., [8] ).
2.2.
Asymptotic rays in H n × R. Given a Hadamard manifold H n , we have that H n × R is also a Hadamard manifold. Thus, we can consider the concept of asymptotic rays in this product space and profit from its properties (for details and proofs we refer the reader to [5, Section 9] ).
We say that two unit speed geodesic rays γ, σ :
, where dist stands for the distance function in H n × R. This concept induces an equivalence relation ∼ in the set of all unit speed geodesic rays of H n × R. The boundary at infinity of H n × R is then defined as the set of all equivalence classes determined by ∼ . In this setting, we remark the following nice property of geodesic rays: Given p ∈ H n × R, and a geodesic ray γ : [0, ∞) → H n × R, there exists a unique unit speed geodesic ray σ p emanating from p (i.e., σ p (0) = p) which is asymptotic to γ. Moreover, the tangent field
is proven to be continuous (see [5, Proposition 9.6] ).
In fact, the ray σ p can be constructed as follows. Take a sequence s k → +∞ in R and, for each k ∈ N, consider the geodesic σ k from p to γ(s k ). It is then proved that the sequence (σ k ) converges to σ p (see [5, Proposition 9.2] ).
Given a geodesic γ :
that is, the angle between γ ′ (s) and ∂ t is constant along γ. In particular, a geodesic of H n × R is either horizontal or transversal to all horizontal sections. By analogy with the idea of graph of a signed real function defined in a set U ⊂ R n , we shall employ the notion of asymptotic geodesic rays to introduce the following concept of graph in H n × R.
Definition 2. Let U ⊂ H t be a subset of a horizontal section H t . We say that a set S ⊂ H n × R is a geodesic graph over U if there exists a bijection q ∈ U ↔ p = p(q) ∈ S satisfying the following conditions:
• For each pair (q, p(q)) ∈ U × S, there is a geodesic ray σ q emanating from q which intersects S only at p.
• For all q, q ′ ∈ U, σ q is asymptotic to σ q ′ . By choosing suitable profile curves, one can construct rotational hypersurfaces in Q n ǫ × R with especial properties. The general procedure is analogous to the one for the construction of the well known Delaunay surfaces, that is, the profile curve C is obtained as a solution of a certain differential equation whose existence is the condition for Σ C to have the required property.
Rotational spheres in Q
With this approach, nonzero constant mean curvature (CMC, for short) rotational hypersurfaces in Q n ǫ × R were obtained in [20] , for ǫ = −1, and in [25] , for ǫ = 1. Actually, in [20] , Hsiang and Hsiang proved that, up to ambient isometries, the only compact embedded CMC hypersurfaces of H n × R are spherical and rotational. We shall refer to them as the Hsiang spheres.
In [2] , Aledo, Espinar and Glvez considered isometric immersions of the standard sphere S 2 c of constant curvature c into Q 2 ǫ × R, ǫ ∈ {−1, 1}. They proved that, if c > 0 when ǫ = −1, and c > 1 when ǫ = 1, then any such immersion is rotational and unique up to isometries of Q 2 ǫ × R. Analogues of these rotational immersions, which we shall call AEG spheres, can be obtained in Q n ǫ × R with essentially the same profile curves.
To be more precise, let us denote by R n+1 ǫ the (n + 1)-dimensional Euclidean space with coordinates (x 1 , . . . , x n+1 ) and metric
gives an isometric immersion
Considering then coordinates (x 1 , . . . , x n+2 ) in R n+2 and proceeding as in [2] , one finds that there exist (for each case ǫ = −1 and ǫ = 1) real functions k(s) and h(s) such that the map
parametrizes a curve C in Q n ǫ × R whose associated rotational hypersurface Σ C is spherical and has constant sectional curvature c > 0, if ǫ = −1, and c > 1, if ǫ = 1 (see [2] for the expressions of k and h).
Proof of Theorem 1
For the proof of the assertions (a), (b), and (c) of Theorem 1, we apply Morse Theory to show that, under the given conditions, the height function of f has either one critical point, and then M is homeomorphic to R n , or two critical points, and then M is homeomorphic to S n . In both cases, f is proven to be a proper embedding by means of the ACW Theorem (cf. Introduction). The convexity property (b) will be derived from a result by Bishop [4] , which states that an embedded hypersurface in a Riemannian manifold with positive definite second fundamental form is strictly locally convex. We will then apply (b) to show (c), i.e., that f (M ) is, in fact, a geodesic graph in H n × R. This part of the proof is based on techniques developed by Heijenoort [19] , and do Carmo and Lima [12] . Finally, the rigidity of f will be obtained from B. Daniel's Fundamental Theorem [8] for hypersurfaces in Q n ǫ × R. First, we shall establish the following lemma.
be an oriented hypersurface with positive definite second fundamental form. Assume that f t : M t → M t is a horizontal section of f with orientation η as in (4) . Then, the second fundamental form of f t is positive definite.
Proof. Since M t is totally geodesic in M n × R, we have that
Thus, writing c = (1 − θ 2 ) −1/2 , for all nonzero X ∈ T M t , one has
Proof of Theorem 1. Let x 0 ∈ M be a critical point of the height function ξ. We can assume without loss of generality that x 0 is a local minimum, and that ξ(x 0 ) = 0. Since M has positive sectional curvature, it follows from Gauss equation that the second fundamental form α of f is definite (see Section 2.1). Consider then the normal N to f such that α is positive definite. In this case, equality (2) gives that Hess ξ is positive definite at x 0 , which implies that x 0 is a strict local minimum point of ξ. Suppose that f t : M t → H t is a horizontal section of f at level t > 0. Following do Carmo and Lima [12] , we say that f t (or, equivalently, M t ) is a normal section (for x 0 ) if the following conditions are satisfied:
• M t is homeomorphic to S n−1 and bounds an open region Ω t ⊂ M which contains only one critical point of ξ; namely, x 0 .
• There exists an homeomorphism ψ : {p ∈ R n ; p ≤ 1} → cl Ω t such that
When f t is a normal section, we say that t is a normal value and Ω t is a normal region for x 0 . We then write I := {t > 0 ; t is a normal value} and Ω := t∈I Ω t .
Since x 0 is a strict local minimum, it is clear that Ω is nonempty and open in M. Hence, setting ∂Ω for the boundary of Ω, we distinguish the following (mutually exclusive) cases: i) Ω = M, i.e., ∂Ω = ∅.
ii) Ω = M and ∂Ω contains critical points of ξ.
iii) Ω = M and ∂Ω contains no critical points of ξ.
From Lemma 1, each normal section f t : M n−1 t → H n t has positive definite second fundamental form. Since we are assuming n ≥ 3, it follows from the ACW Theorem that f t is an embedding and f (M t ) bounds a compact convex set in H t .
In particular, for all t ∈ I, f | Ωt is a proper embedding. Thus, f (Ω t ) separates H n ×[0, t) into two connected components, where one of them, say Λ t , is bounded. Let us show now that Λ t is convex. First, observe that the mean curvature vector of f along Ω t points to Λ t , that is, Λ t is the mean convex side of f | Ωt . Since the second fundamental form of f is positive definite, a theorem by R. Bishop [4] gives that f is strictly locally convex, that is, for each x ∈ Ω t , there is a neighborhood V ⊂ T x M of the null vector in the tangent space of M at x, such that exp f (x) V ∩ cl Λ t = {f (x)}. Here, exp stands for the exponential map of H n × R, and cl Λ t for the closure of Λ t in H n × R. Suppose, for the sake of contradiction, that there are points p, q ∈ Λ t which can be joined by a geodesic of H n × R that is not contained in Λ t . Consider then a curve β : [0, 1] → Λ t such that β(0) = p and β(1) = q. For each s ∈ (0, 1], let σ s be the geodesic from p to β(s). For a small s, σ s is in Λ t . So, there is s 0 ∈ (0, 1] such that σ s0 is tangent to f (M ) at some point, which clearly violates the local convexity of f. Therefore, Λ t is convex.
Assume that (i) holds. In this case, I is unbounded and, by the above considerations, f (M ) − {f (x 0 )} is foliated by embedded (n − 1)-dimensional (topological) spheres. This implies that M is homeomorphic to R n and that f is a proper embedding with a top end. Moreover, f (M ) is clearly the boundary of the open convex set Λ = Λ t , t > 0.
Let us prove that f (M ) is a geodesic graph over an open connected set U of H 0 . For that, consider an arbitrary divergent sequence p k ∈ Λ, k ∈ N. For each k ∈ N, let γ k : [0, a k ] → Λ be the unit speed geodesic from f (x 0 ) to p k . Passing to a subsequence, if necessary, we can assume that
Denote by γ : [0, +∞) → H n × R the unit speed geodesic ray of H n × R such that γ(0) = f (x 0 ) and γ ′ (0) = Z 0 . Since Λ (and so cl Λ) is convex, γ is entirely contained in cl Λ. Moreover, the local convexity of f implies that f (x 0 ) is the only point of γ in cl Λ − Λ. Now, given x ∈ M, consider a sequence γ(s k ) on γ such that s k → +∞, and let σ k : [0, b k ] → Λ be the unit speed geodesic from f (x) to γ(s k ). As we have seen, this sequence of geodesics converges to a geodesic ray σ x : [0, ∞) → H n × R which is asymptotic to γ. Just as γ, σ x is contained in cl Λ, and f (x) is the only point of σ x in cl Λ − Λ. Notice that σ x is not a horizontal geodesic, for the horizontal sections of f are compact. Thus, the complete geodesic that contains σ x is transversal to all horizontal sections of H n ×R. In particular, the geodesic ray −σ x starting at f (x) in the direction −σ ′ x (0) reaches H 0 at some point q = q(x), which implies that f (M ) is a geodesic graph over the set U = {q(x), x ∈ M } ⊂ H 0 . Moreover, since the exponential map and the field x ∈ M → σ ′ x (0) ∈ T f (x) (H n ×R) are continuous, the map x ∈ M → q(x) ∈ U is clearly a homeomorphism. In particular, U is connected and open in H 0 (see Section 2.2).
Henceforth, we will assume that I is bounded and write t * = sup I. Under this hypothesis, suppose that (ii) holds and let x 1 ∈ ∂Ω be a critical point of ξ. Then, ξ(x 1 ) = t * and N (x 1 ) = ±∂ t . However, N (x 1 ) = ∂ t would give that x 1 is a strict local minimum for ξ. In that case, for t > t * sufficiently small, f t would be a normal section of f, contradicting the definition of t * . Thus, N (x 1 ) = −∂ t and x 1 is a strict local maximum of ξ. In particular, f (x 1 ) is isolated in H t * . Thus, in the occurrence of (ii), M coincides with the closure of Ω and is, in particular, compact. Therefore, ξ is a Morse function on M with only two critical points. Hence, Reeb's Theorem (see [22, Theorem 4.1] ) gives that M is homeomorphic to a sphere. The proofs that f is an embedding and that f (M ) bounds a convex set in H n × R are the same as in case (i) (these facts also follow from the ACW Theorem).
Finally, we shall prove that (iii) is impossible. Assume, to the contrary, that (iii) holds. In this case, M t * := ∂Ω ⊂ ξ −1 (t * ) is a connected (n − 1)-dimensional submanifold of M which arises as the limit set of M t as t → t * . Thus, since f | Mt is a proper embedding for all t ∈ (0, t * ), the same is true for f | cl Ω : cl Ω → H n ×R. Furthermore, if we set Λ = Λ t , t ∈ (0, t * ), we have that cl Λ is convex. Suppose that cl Λ is unbounded in H n × R. Then, there exists a divergent sequence p k ∈ cl Λ. Let π : H n × R → H 0 be the vertical projection onto H 0 . Since the height function is bounded in cl Λ, we have that
Now, for each k ∈ N, let σ k be the unit speed geodesic from f (x 0 ) to p k . Considering (8) and proceeding as above, we conclude that a subsequence of σ k converges to a geodesic ray σ 0 emanating from f (x 0 ), which is entirely contained in cl Λ. In particular, σ 0 is horizontal, i.e., is contained in H 0 (otherwise, it would be transversal to H t * and would not be contained in cl Λ). However, the only point of H 0 in cl Λ is f (x 0 ). Therefore, cl Λ is bounded, and so is compact.
It follows that f (M t * ) , as a closed subset of cl Λ, is compact, which implies that M t * is compact, for f | cl Ω is a proper embedding. So, for a given t ∈ (0, t * ), the flow of grad ξ from M t to M t * is a homeomorphism (see [22, Theorem 3.1] ). Therefore, by following the trajectories of grad ξ through M t * , one can arrive at a normal region M t ′ for a sufficiently small t ′ > t * , which is a contradiction. This shows the impossibility of (iii) and then finishes the proof of the assertions (a), (b), and (c) of our theorem.
To prove (d), let us consider a hypersurface g :
for all X, Y, Z, W ∈ T M. We also have that the rank of the shape operator A f is equal to n ≥ 3 everywhere. Thus, Lema 2.1 of [10] applies and gives that there is an isometric bundle isomorphism B :
Thus, N g := BN f is a unit normal field to g. Denoting by A g the shape operator of g with respect to N g , for all X ∈ T M, one has
which implies that A f = A g and, in particular, that α g is positive definite with respect to N g .
Considering then equality (7), we have that grad ξ f = grad ξ g . So, the set of critical points of ξ f and ξ g coincide. As a consequence, f shares with g all the properties stated in (a), (b) and (c). Now, set A := A f = A g , let θ be either θ f or θ g , and let ϕ : R → M be a trajectory of either grad ξ f or grad ξ g . Then, by (3),
that is, the angle functions θ f and θ g are both decreasing along the trajectories of grad ξ f and grad ξ g , respectively.
From grad ξ f = grad ξ g , we also have θ 2 f = θ 2 g . Differentiating this equality and using (3), we easily conclude that
Let us assume that x 0 ∈ M is a minimum point of ξ g . In this case, one has θ f (x 0 ) = θ g (x 0 ) = 1. Since θ f = ±θ g , by continuity, θ f = θ g in a neighborhood V of x 0 , which gives that grad ξ f = grad ξ g on V. Hence, on V, the trajectories of grad ξ f and grad ξ g coincide. However, θ f and θ g are both decreasing along these trajectories. Thus, the identity θ f = θ g , and so grad ξ f = grad ξ g , extends to all of M.
It follows that the equalities
hold everywhere in M if x 0 is a minimum point of ξ g . If x 0 is a maximum point of ξ g , a similar reasoning yields the following equalities
In any case, it follows from Daniel's results [8] (Theorem 3.3 and Proposition 3.8) that there exists an isometry
This shows (d) and concludes the proof of the theorem.
Corollary 1 (Jellett-Liebmann type theorem). Any compact CMC hypersurface
with positive sectional curvature is congruent to an embedded rotational Hsiang sphere.
Proof. Since M is compact, the height function of f has a critical point. Therefore, from Theorem 1, f is an embedding and M is homeomorphic to S n . This, together with theorems 3 and 4 in [20] , gives that f is congruent to a rotational Hsiang sphere of constant mean curvature.
Remark 1. Statements (a) and (d) of Theorem 1 remain valid if one replaces the Hadamard manifold H
n by the unit sphere S n , and assume that M has sectional curvature greater than 1. Indeed, this latter assumption implies that the second fundamental form of f is positive definite. So, by Lemma 1, the same is true for the second fundamental form of any of its horizontal sections. Considering then the ACW Theorem and keeping the notation of the proof of Theorem 1, one concludes that all normal sections of f are compact and embedded. So, if (i) occurs, f is properly embedded, M is homeomorphic to R n , and f has a bottom or a top end. The possibility (ii), analogously, gives that f is properly embedded and that M is homeomorphic to S n . The possibility (iii) is easily ruled out, for the horizontal sections of S n × R are necessarily compact. This proves (a). Regarding (d), we have just to remember that Daniel's Theorem [8] is set in H n × R and S n × R as well. 
Proof of Theorem 2
Given an n-dimensional Riemannian manifold M n and a positive differentiable function ̺ : R → R, the warped product M n × ̺ R is, by definition, the manifold M n × R endowed with the metric
Here , M and , R denote the Riemannian metrics of M n and R, respectively, and the notation is as in Section 2.
It is easily seen that, in M n × ̺ R, all horizontal sections
are homothetic to M . In particular, one has:
(P1) Horizontal sections are Hadamard manifolds (respect. spheres) if M is a Hadamard manifold (respect. sphere).
(P2) The Riemannian connection of any horizontal section, to be denoted by ∇, can be identified with that of M (see [24, Lema 64, pg. 92] ).
Denote by ∇ the Riemannian connection of M n × ̺ R. Given horizontal fields X, Y ∈ T M , the following identities hold (see [5, Lema 7.3] ):
Let N be its unit normal field and θ = N, ∂ t its angle function. Denote also by ξ = f, ∂ t the height function of f. In this case, as before, we have
By abuse of notation, we will write ̺ and φ for ̺ • f and φ • f, respectively.
From the equalities (9), for all X ∈ T (M × ̺ R), one has
Hence, the gradient of θ is
where Id stands for the identity map of T M. Given X, Y ∈ T M, we have that
In particular,
Hess ξ(X, X) = φ( X, X − X, ∂ t 2 ) + θ α(X, X), N ∀X ∈ T M.
In [21] , Lawn and Ortega established a fundamental theorem for hypersurfaces in semi-Riemannian warped products, which is an analogue of Daniel's Theorem [8] . Particularly, they proved that there exists a hypersurface
M is simply connected and satisfies certain compatibility conditions involving the second fundamental form α , the gradient of the height function ξ and the angle function θ. However, the uniqueness of f up to isometries of Q n ǫ × ̺ R is not considered there.
Chen and Xiang [6] , on the other hand, treated the case ǫ = 0, obtaining an existence and uniqueness theorem for hypersurfaces f : M n → R n × ̺ R. By looking at the proofs of the uniqueness parts of Daniel's Theorem and Chen and Xiang's Theorem, one sees that, in each case, they are a direct consequence of a result (Proposition 3.7 in [8] and Proposition 4.1 in [6] ), which has a counterpart in Lawn and Ortega's paper [21] (namely, Lemma 10). It then allows one to proceed just as in Daniel's and Chen and Xiang's proofs to obtain the following uniqueness result.
Then, there is an isometry
Finally, from the Gauss equation for hypersurfaces f :
Proof of Theorem 2. Let us prove first that
With this purpose, consider an orthonormal frame {X 1 , . . . , X n } of eigenvectors of A with corresponding eigenvalues λ 1 , . . . , λ n . By the hypothesis, λ i > |φ| for all i = 1, . . . , n. Since −1 ≤ θ ≤ 1, writing X = a 1 X 1 + · · · + a n X n , one has
which gives (13). Let us consider now a horizontal section f t : M t → M t and show that it has positive definite second fundamental form with respect to (14) η
where the last equality followed from the first identity (9) . This, together with inequality (13), then yields
It follows from the Hessian formula (11) and inequality (13) that the critical point x 0 ∈ M is a strict maximum of ξ if θ(x 0 ) = −1, or is a strict minimum if θ(x 0 ) = 1. Let us assume, without loss of generality, the latter, and also that ξ(x 0 ) = 0.
Define normal sections, normal regions and normal values for x 0 as in the proof of Theorem 1. As before, denote by Ω ⊂ M the union of all normal regions and by I the set of all normal values. Consider then the cases: i) Ω = M.
iii) Ω = M and ∂Ω contains no critical points of ξ. It follows that each point x * ∈ ∂Ω * t can be joined to a point of π(f (Ω t0 )) by a curve whose length is bounded by a constant independent of t, which clearly implies that Ω * t = π(f (Ω t )) is uniformly bounded. Consequently, π(f (Ω)) is bounded in M t * . In particular, M t * is bounded, and so is compact, as we wished to show. This fact, as we pointed out, leads to a contradiction and then finishes the proof of the assertion (a). Now, to prove (b), let us consider a hypersurface g : M n → Q n ǫ × ̺ R as stated. As in the proof of Theorem 1, the Gauss equation (5) and Lema 2.1 of [10] imply the existence of an isomorphism
satisfying α g = B • α f . Let then A g be the shape operator of g with respect to N g = BN f . In this case, as before, we have that A := A f = A g . This and equality (12) then give grad ξ f = grad ξ g , which implies that the set of critical points of ξ f and ξ g coincide on M, and also that θ f = ±θ g . In particular, from the hypothesis on g, θ g (x 0 ) = θ f (x 0 ) = 1.
Thus, on a neighborhood V of x 0 , θ := θ f = θ g . Considering (10), we have that (A + φθ Id)(grad ξ f − grad ξ g ) = 0 on V. However, A + φθId is injective, for its eigenvalues are λ i + φθ > 0, i = 1, . . . , n. Hence, grad ξ f (x) = grad ξ g (x) ∀x ∈ V ⊂ M.
Thus, the trajectories of grad ξ f and grad ξ g coincide on V. Since, by (15) , the angle functions θ f and θ g are both decreasing along these trajectories, we have that they coincide on all of M.
It follows from the above considerations and Proposition 1 that there exists an isometry Φ of Q n ǫ × ̺ R such that g = Φ • f, which proves (b) and concludes our proof.
